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What this is NOT about!

• Comprehensive Coverage of Topics in 

Formal Methods in Robotics

• Explanation of Prerequisites

Rho Beta Epsilon Worcester Polytechnic Institute



Organization of Talk

Sections

• What can Formal Methods do?

• The Formal Methods… 

• How Formal Methods work?

• Where to use Formal Methods?

• Open Problems

• Meet few other friends… (if time permits!)
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Section I 

What can Formal Methods Do?



Have you wondered?
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• Why your laptops work so reliably?

• Why your bank never misplaces a dime? 

• If you can talk with your robot in English 

Language



The Big Question… 
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How to Avoid this? 
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Reference: Robohub (Link) and I, Robot (Link)

Costly Mistake!! Super-Intelligence?

http://robohub.org/an-ethical-dilemma-when-robot-cars-must-kill-who-should-pick-the-victim/
http://commentaramafilms.blogspot.com/2013/02/film-friday-i-robot-2004.html


Formal Methods 
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• Guarantee Satisfaction of Specifications

• Automatic Policy Synthesis

• Talk to Robot in (Almost) English!

• Asimov is Happy!

• Don’t Kill Humans is 

Guaranteed 100%
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Section II 

The Formal Methods…



Verification Problem
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• We know

• How world looks – Model

• What robot should do – Specifications

• Question: Does any action-sequence of 

robot satisfy the specification?

• Remember Remember…  Laptops!

Formal Verification 

Algorithm

System Model Specification

Correct Bug Trace

Assumptions 



Can I Always Win? 
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• Classic Tic-Tac-Toe

No matter what my opponent does,

Can I win?

Uncontrolled

controlled

• Specification:

Reach at least 1 of winning states!

• Verification tells us: What’s guaranteed!

• AND returns:

In what ways I can loose…



Synthesis Problem
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• We know

• How world looks – Model

• What robot should do – Specifications

• Question: What should robot do? 

Policy

Formal Synthesis 

Algorithm

System Model Specification

Correct Bug Trace

Assumptions 



Tell me… How to Win!
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Uncontrolled

controlled

• Classic Tic-Tac-Toe

No matter what my opponent does,

Can I win?

• Specification:

Reach at least 1 of winning states!

• Synthesis tells us:
PLAY LIKE THIS!
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Section III 

How Formal Methods Work?



Communication
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• Language is fundamental to 

communication!

• Don’t know some language – Interpreter 

• Compilers!

Image Reference: clip-art library (Link)

http://clipart-library.com/image_gallery/22756.jpg


Linear Temporal Logic (LTL)
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LTL makes Humans and Robot’s Happy!

• Human Language = Too many to write!

• Robot’s Language = Automata!

• LTL is almost as expressive as English!

• Beauty: LTL  Automata is easy! 



Linear Temporal Logic (LTL)
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LTL makes Humans and Robot’s Happy!

Example 1:

• English: Go to Living Room

• ~LTL:      Eventually (Robot in Living Room)

• LTL: ⋄ 𝑠𝑡𝑎𝑡𝑒 == 𝑙𝑖𝑣𝑖𝑛𝑔 𝑟𝑜𝑜𝑚

Example 2:

• English: Go to Living Room AND Never Collide with Obstacle

• ~LTL: Eventually (Robot in Living Room) AND Always (no-collision)

• LTL: ⋄ 𝑠𝑡𝑎𝑡𝑒 == 𝑙𝑖𝑣𝑖𝑛𝑔 𝑟𝑜𝑜𝑚 ∧ □! 𝑖𝑠_𝑐𝑜𝑙𝑙𝑖𝑑𝑖𝑛𝑔(𝑒𝑛𝑣, 𝑟𝑜𝑏𝑜𝑡)



Final Step: Automaton 
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• Recall: Automata is robot’s language!

• Robot wants to reach to a final state!

• Communication is complete!

⋄ 𝑠𝑡𝑎𝑡𝑒 == 𝑙𝑖𝑣𝑖𝑛𝑔 𝑟𝑜𝑜𝑚

Not-in-

living-

room

Inside 

Living-

Room

𝑠𝑡𝑎𝑡𝑒 == 𝑙𝑖𝑣𝑖𝑛𝑔 𝑟𝑜𝑜𝑚

𝑠𝑡𝑎𝑡𝑒 ≠ 𝑙𝑖𝑣𝑖𝑛𝑔 𝑟𝑜𝑜𝑚 𝑇𝑟𝑢𝑒



How Robot Makes a Decision?
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• Model: Understanding of world

• Game Graph

• Markov Decision Process

• Objective: Reach the Goal!

• Easy Part: Robot can choose what it 

want’s to do!

• Difficult Part: It can’t control what 

environment might do!

Image Reference: Mentor Graphics Questa Platform Video (Link)

https://www.youtube.com/watch?v=zGpo4yUyKQw


The beauty of FM
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• It’s a BAD IDEA to find and check all 

paths from start to end!

• GOOD IDEA: Somehow compress a 

complete path into a state!

• That’s a Product Operation.

• And that’s how life becomes easy!

Image Reference: Mentor Graphics Questa Platform Video (Link)

X

ll

Composed 

State

Composed 

State

Accept Reject

https://www.youtube.com/watch?v=zGpo4yUyKQw
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Section IV 

Where to use Formal Methods?



Application 1: Autopilots
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• TAM Flight 402

• Autopilot Engaged Reverse Thrusters 

Incorrectly

• Airplane has 100’s of sensors

• Autopilot is modularly designed.

• How do we detect – accidental 

dependencies?

• Idea: Specify using (English-like) 

LTL what shouldn’t happen with 

aircraft at any time

Video Reference: Air Crash Investigation Series



Application 2: Surgical Robots
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• Objective 1: Safety – MUST ALWAYS HOLD!

• Don’t let needle move outside a particular volume

• Or patient is history!

• Objective 2: Liveness – Satisfy if possible

• Insert needle within a given area 

• And inject the medicine

• FMR allows full controller synthesis!

Image Reference: WebMD, Inc. (Link)

http://img.webmd.com/dtmcms/live/webmd/consumer_assets/site_images/articles/health_and_medical_reference/brain_and_nervous_system/Parkinsons_Disease_Deep_Brain_Stimulation_Deep_Brain_Stimulation.jpg
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Section V 

Open Problems



Theoretical
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• Thanks to Mathematicians and Computer Scientists in 50-100 years! 

• Problem 1: State Explosion

• Recall Product Operation (Link)

• Problem 2: Parallelism

• Mathematicians had different aims for FM development.

• Roboticists want speed and accuracy! 

• We need to develop parallel algorithms that are provably-correct



Extending FMR
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• Majority FMR studies are with

• Linear Temporal Logic or Dynamic Differential Logic

• Zero-Sum Games

• Problem 1: Different Logics

• Explore use of different logics like Probabilistic Logics.

• If you love physics – Try Quantum Logic!

• Problem 2:

• Generally, cars on highway are not your enemies. But they have objective and 
can be aggressive! This is different game

• Use FMR with a non-zero sum game models.



Apply FMR

Rho Beta Epsilon Worcester Polytechnic Institute

• Majority FMR researchers are theoretical! Thrust something into reality!

• Problem 1: Toolkits

• Develop Generalized and Efficient Toolkits

• Modular, Abstract!

• Problem 2: Cyber-Physical Systems 

• Control – Automatic Controller Synthesis for Autonomous Car, Quadrotors etc.

• Coordination – Multi-Agent Behaviors, Platoons etc.
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Section V 

Meet some friends…



Concept 1: Abstraction
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• Robot may reason at higher level – like 

Behaviors

• How can robot understand what behavior 

to use?

• Abstraction is mathematical tool to do 

this!

Image Reference: Wikipedia (Link)

https://www.youtube.com/watch?v=zGpo4yUyKQw


Concept 2: Contraction Theory
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• Allows checking stability of trajectories!

• Intuition: Binary Search

• Sandwich from above and below

• And say Hurray!

of bases. We will dedicate part of the research effort to solve the joint basis selection and optimal plan-

ning problem by referring to [53]. It remains to answer whether the co-design of bases and weights affords

anytime computation. We will investigate this question and at the same time consider other optimization-

based basis selection methods [54] for systems with linear or polynomial vector fields. We will conduct

experiments to compare different approaches in terms of convergence and sample complexity.

Basisselection isan important and challenging problem in function approximation and hasbeen studied

in different problem domains [57, 52, 49, 53]. Extending these results to robot motion planning will be

further pursued in thePI’s research.

3.3 Task I I I : Towards joint planning and control with anytime optimality and robustness
guarantees

Given a nominal trajectory, robust model predictive control [33] can be directly employed for trajectory

tracking under bounded disturbances. Yet, trajectories obtained by motion planning may not necessarily be

stabilized by acontroller. Isit possible to generatestableand robust feedback controller, rather than amotion

plan, in the anytime planning? In this task, we will seek an answer by incorporating safety verification

[17, 1, 36] into planning, as illustrated in Fig. 6. The key idea is to incorporate verification into evaluation

in Fig. 1 such that we update the distribution with weights that are not only elite, but also stable and robust.

That is, a weight is rejected from elite samples if it is verified to result in an unstable closed-loop system.

Sampling Simulation

Trajectory-based

ver ification

and evaluation

✓k Wk Nominal

Trajectories

Stable and Elite

weights Ŵk

. . .

Figure 6: A schematic overview of safety verification within the adaptive search-based planning.

unsafe

x0

Contract ing tubeX `

Figure 7: Contraction dy-

namics with bounded persis-

tent disturbances. The outer

tube is the contracting region

and the inner tube is the ulti-

mate error bound.

Sampling-based robust control with contraction analysis We propose

contraction analysis [35] to compute a condition, by satisfying which a con-

troller will ensure robustness under bounded disturbances. Recall thenotion of

contraction: If asystem iscontracting, then all trajectories with bounded initial

error and temporary disturbances will converge to the nominal trajectory.

Under bounded and persistent disturbances, we expect that if the system

is contracting, then all trajectories will converge to the nominal one with ulti-

mately bounded errors, as illustrated in Fig. 7. This statement leads to a quick

“filter” for unstable weights: For each weight w and its controller u = hw,φi ,

thevector field f cl of the closed-loop nominal system must satisfy thecontrac-

tion condition, i.e., there exist a positive definite constant matrix M , a posi-

tive real β, such that @f cl

@x
M + M @f cl

@x

|
− βM , for all x 2 X ` = { x |

kx − x̄k `} , wherex and x̄ are theactual and nominal states, and theset X ` iscalled thecontraction tube.

Is it possible to perform contraction analysis efficiently in sampling-based planning? The answer is yes if

the matrix M and the parameter β are either known or can be pre-computed, which is the case for linear

and polynomial systems. For nonlinear systems, findingM and β isashard asfinding aLyapunov function.

This motivates us to consider an alternative verification method, stated next.

Sampling-based robust control with local invar iance analysis Asan alternative to contraction analysis,

we will investigate safety verification based on local linearization and invariance analysis [21]: A system is

locally robust to disturbances if the actual trajectory stays within a local invariant (safe) region. Instead of

global contraction analysis, local contraction analysis is performed for a sequence of linear systems given

8



Concept 3: Reachability
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• Intuition: 

• As time progresses…

• Which all points can I reach?

• Example: 

• Green point is not reachable 

in 1-step for the robot
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Disclaimer
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Ask Questions!

Thank You!


